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Abstract. A new, simple and unified approach in the theory of contractive mappings was re-
cently given by Samet et al. (Nonlinear Anal. 75, 2012, 2154-2165) by using the concepts of
α-ψ-contractive type mappings and α-admissible mappings in metric spaces. The purpose of
this paper is to present a new class of contractive pair of mappings called generalized α-ψ con-
tractive pair of mappings and study various fixed point theorems for such mappings in complete
metric spaces. For this, we introduce a new notion of α-admissible w.r.t g mapping which in
turn generalizes the concept of g-monotone mapping recently introduced by C´iric´ et al. (Fixed
Point Theory Appl. 2008(2008), Article ID 131294, 11 pages). As an application of our main
results, we further establish common fixed point theorems for metric spaces endowed with a par-
tial order as well as in respect of cyclic contractive mappings. The presented theorems extend
and subsumes various known comparable results from the current literature. Some illustrative
examples are provided to demonstrate the main results and to show the genuineness of our results.
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1. Introduction
Fixed point theory has fascinated many researchers since 1922 with the celebrated Banach
fixed point theorem. There exists a vast literature on the topic and this is a very active field
of research at present. Fixed point theorems are very important tools for proving the existence
and uniqueness of the solutions to various mathematical models (integral and partial differential
equations, variational inequalities etc). It is well known that the contractive-type conditions are
very indispensable in the study of fixed point theory. The first important result on fixed points for
contractive-type mappings was the well-known Banach-Caccioppoli theorem which was published
in 1922 in [1] and it also appears in [2]. Later in 1968, Kannan [3] studied a new type of contractive
mapping. Since then, there have been many results related to mappings satisfying various types
of contractive inequality, we refer to ([4], [5], [6], [7], [8] etc) and references therein.
Recently, Samet et al. [9] introduced a new category of contractive type mappings known as
α-ψ contractive type mapping. The results obtained by Samet et al. [9] extended and generalized
the existing fixed point results in the literature, in particular the Banach contraction principle.
Further, Karapinar and Samet [10] generalized the α-ψ-contractive type mappings and obtained
various fixed point theorems for this generalized class of contractive mappings.
The study related to common fixed points of mappings satisfying certain contractive conditions
has been at the center of vigorous research activity. In this paper, some coincidence and common
fixed point theorems are obtained for the generalized α-ψ contractive pair of mappings. Our results
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unify and generalize the results derived by Karapinar and Samet [10], Samet et al. [9], C´iric´ et al.
[11] and various other related results in the literature. Moreover, from our main results, we will
derive various common fixed point results for metric spaces endowed with a partial order and that
for cyclic contractive mappings. The presented results extend and generalize numerous related
results in the literature.
2. Preliminaries
First we introduce some notations and definitions that will be used subsequently.
Definition 2.1. (See [9]). Let Ψ be the family of functions ψ : [0,∞) → [0,∞) satisfying the
following conditions:
(i) ψ is nondecreasing.
(ii)
+∞∑
n=1
ψn(t) <∞ for all t > 0, where ψn is the nth iterate of ψ.
These functions are known as (c)-comparison functions in the literature. It can be easily verified
that if ψ is a (c)-comparison function, then ψ(t) < t for any t > 0.
Recently, Samet et al. [9] introduced the following new notions of α-ψ-contractive type mappings
and α-admissible mappings:
Definition 2.2. Let (X, d) be a metric space and T : X → X be a given self mapping. T is said
to be an α-ψ-contractive mapping if there exists two functions α : X ×X → [0,+∞) and ψ ∈ Ψ
such that
α(x, y)d(Tx, T y) ≤ ψ(d(x, y))
for all x, y ∈ X.
Definition 2.3. Let T : X → X and α : X ×X → [0,+∞). T is said to be α-admissible if
x, y ∈ X, α(x, y) ≥ 1⇒ α(Tx, T y) ≥ 1.
The following fixed point theorems are the main results in [9]:
Theorem 2.1. Let (X, d) be a complete metric space and T : X → X be an α-ψ-contractive
mapping satisfying the following conditions:
(i) T is α-admissible;
(ii) there exists x0 ∈ X such that α(x0, T x0) ≥ 1;
(iii) T is continuous.
Then, T has a fixed point, that is, there exists x∗ ∈ X such that Tx∗ = x∗.
Theorem 2.2. Let (X, d) be a complete metric space and T : X → X be an α-ψ-contractive
mapping satisfying the following conditions:
(i) T is α-admissible;
(ii) there exists x0 ∈ X such that α(x0, T x0) ≥ 1;
(iii) if {xn} is a sequence in X such that α(xn, xn+1) ≥ 1 for all n and xn → x ∈ X as n→ +∞,
then α(xn, x) ≥ 1 for all n.
Then, T has a fixed point.
Samet et al. [9] added the following condition to the hypotheses of Theorem 2.1 and Theorem
2.2 to assure the uniqueness of the fixed point:
(C): For all x, y ∈ X , there exists z ∈ X such that α(x, z) ≥ 1 and α(y, z) ≥ 1.
3Recently, Karapinar and Samet [10] introduced the following concept of generalized α-ψ-contractive
type mappings:
Definition 2.4. Let (X, d) be a metric space and T : X → X be a given mapping. We say that
T is a generalized α-ψ-contractive type mapping if there exists two functions α : X ×X → [0,∞)
and ψ ∈ Ψ such that for all x, y ∈ X, we have
α(x, y)d(Tx, T y) ≤ ψ(M(x, y)),
where M(x, y) = max
{
d(x, y),
d(x, Tx) + d(y, T y)
2
,
d(x, T y) + d(y, Tx)
2
}
.
Further, Karapinar and Samet [10] established fixed point theorems for this new class of con-
tractive mappings. Also, they obtained fixed point theorems on metric spaces endowed with a
partial order and fixed point theorems for cyclic contractive mappings.
Definition 2.5. [12] Let X be a non-empty set, N is a natural number such that N ≥ 2 and
T1, T2, ..., TN : X → X are given self-mappings on X. If w = T1x = T2x = ... = TNx for some
x ∈ X, then x is called a coincidence point of T1, T2, ..., TN−1 and TN , and w is called a point
of coincidence of T1, T2, ..., TN−1 and TN . If w = x, then x is called a common fixed point of
T1, T2, ..., TN−1 and TN .
Let f, g : X → X be two mappings. We denote by C(g, f) the set of coincidence points of g and
f ; that is,
C(g, f) = {z ∈ X : gz = fz}
3. Main results
We start the main section by introducing the new consepts of α-admissible w.r.t g mapping and
generalized α-ψ contractive pair of mappings.
Definition 3.1. Let f, g : X → X and α : X ×X → [0,∞). We say that f is α-admissible w.r.t
g if for all x, y ∈ X, we have
α(gx, gy) ≥ 1⇒ α(fx, fy) ≥ 1.
Remark 3.1. Clearly, every α-admissible mapping is α-admissible w.r.t g mapping when g = I.
The following example shows that a mapping which is α-admissible w.r.t g may not be α-
admissible.
Example 3.2. Let X = [1,∞). Define the mapping α : X ×X → [0,∞) by
α(x, y) =


2 if x > y
1
3
otherwise
Also, define the mappings f, g : X → X by f(x) = 1
x
and g(x) = e−x for all x ∈ X.
Suppose that α(x, y) ≥ 1. This implies from the definition of α that x > y which further implies
that
1
x
<
1
y
. Thus, α(fx, fy)  1, that is, f is not α-admissible.
Now, we prove that f is α-admissible w.r.t g. Let us suppose that α(gx, gy) ≥ 1. So,
α(gx, gy) ≥ 1⇒ gx > gy ⇒ e−x > e−y ⇒ 1
x
>
1
y
⇒ α(fx, fy) ≥ 1
Therefore, f is α-admissible w.r.t g.
In what follows, we present examples of α-admissible w.r.t g mappings.
Example 3.3. Let X be the set of all non-negative real numbers. Let us define the mapping
α : X ×X → [0,+∞) by
4 PRIYA SHAHI, JATINDERDEEP KAUR, S. S. BHATIA
α(x, y) =
{
1 if x ≥ y,
0 if x < y.
and define the mappings f, g : X → X by f(x) = ex and g(x) = x2 for all x ∈ X. Thus, the
mapping f is α-admissible w.r.t g.
Example 3.4. Let X = [1,∞). Let us define the mapping α : X ×X → [0,+∞) by
α(x, y) =
{
3 if x, y ∈ [0, 1],
1
2 otherwise.
and define the mappings f, g : X → X by f(x) = ln
(
1 +
x
3
)
and g(x) =
√
x for all x ∈ X. Thus,
the mapping f is α-admissible w.r.t g.
Next, we present the new notion of generalized α-ψ contractive pair of mappings as follows:
Definition 3.5. Let (X, d) be a metric space and f, g : X → X be given mappings. We say
that the pair (f, g) is a generalized α-ψ contractive pair of mappings if there exists two functions
α : X ×X → [0,+∞) and ψ ∈ Ψ such that for all x, y ∈ X, we have
α(gx, gy)d(fx, fy) ≤ ψ(M(gx, gy)),(1)
where M(gx, gy) = max
{
d(gx, gy),
d(gx, fx) + d(gy, fy)
2
,
d(gx, fy) + d(gy, fx)
2
}
.
Our first result is the following coincidence point theorem.
Theorem 3.1. Let (X, d) be a complete metric space and f, g : X → X be such that f(X) ⊆ g(X).
Assume that the pair (f, g) is a generalized α-ψ contractive pair of mappings and the following
conditions hold:
(i) f is α-admissible w.r.t. g;
(ii) there exists x0 ∈ X such that α(gx0, fx0) ≥ 1;
(iii) If {gxn} is a sequence in X such that α(gxn, gxn+1) ≥ 1 for all n and gxn → gz ∈ g(X) as
n→∞, then there exists a subsequence {gxn(k)} of {gxn} such that α(gxn(k), gz) ≥ 1 for all k.
Also suppose g(X) is closed. Then, f and g have a coincidence point.
Proof. In view of condition (ii), let x0 ∈ X be such that α(gx0, fx0) ≥ 1. Since f(X) ⊆ g(X),
we can choose a point x1 ∈ X such that fx0 = gx1. Continuing this process having chosen
x1, x2, ..., xn, we choose xn+1 in X such that
fxn = gxn+1, n = 0, 1, 2, ...(2)
Since f is α-admissible w.r.t g, we have
α(gx0, fx0) = α(gx0, gx1) ≥ 1⇒ α(fx0, fx1) = α(gx1, gx2) ≥ 1
Using mathematical induction, we get
α(gxn, gxn+1) ≥ 1, ∀ n = 0, 1, 2, ...(3)
If fxn+1 = fxn for some n, then by (2),
fxn+1 = gxn+1, n = 0, 1, 2, ...
that is, f and g have a coincidence point at x = xn+1, and so we have finished the proof. For this,
we suppose that d(fxn, fxn+1) > 0 for all n. Applying the inequality (1) and using (3), we obtain
d(fxn, fxn+1) ≤ α(gxn, gxn+1)d(fxn, fxn+1)
≤ ψ(M(gxn, gxn+1))(4)
5On the other hand, we have
M(gxn, gxn+1) = max
{
d(gxn, gxn+1),
d(gxn, fxn) + d(gxn+1, fxn+1)
2
,
d(gxn, fxn+1) + d(gxn+1, fxn)
2
}
≤ max{d(fxn−1, fxn), d(fxn, fxn+1)}
Owing to monotonicity of the function ψ and using the inequalities (2) and (4), we have for all
n ≥ 1
d(fxn, fxn+1) ≤ ψ(max {d(fxn−1, fxn), d(fxn, fxn+1)}(5)
If for some n ≥ 1, we have d(fxn−1, fxn) ≤ d(fxn, fxn+1), from (5), we obtain that
d(fxn, fxn+1) ≤ ψ(d(fxn, fxn+1)) < d(fxn, fxn+1),
a contradiction. Thus, for all n ≥ 1, we have
max {d(fxn−1, fxn), d(fxn, fxn+1)} = d(fxn−1, fxn)(6)
Notice that in view of (5) and (6), we get for all n ≥ 1 that
d(fxn, fxn+1) ≤ ψ(d(fxn−1, fxn)).(7)
Continuing this process inductively, we obtain
d(fxn, fxn+1) ≤ ψn(d(fx0, fx1)), ∀n ≥ 1.(8)
From (8) and using the triangular inequality, for all k ≥ 1, we have
d(fxn, fxn+k) ≤ d(fxn, fxn+1) + ...+ d(fxn+k−1, fxn+k)
≤
n+k−1∑
p=n
ψp(d(fx1, fx0))
≤
+∞∑
p=n
ψp(d(fx1, fx0))(9)
Letting p→∞ in (9), we obtain that {fxn} is a Cauchy sequence in (X, d). Since by (2) we have
{fxn} = {gxn+1} ⊆ g(X) and g(X) is closed, there exists z ∈ X such that
lim
n→∞
gxn = gz.(10)
Now, we show that z is a coincidence point of f and g. On contrary, assume that d(fz, gz) > 0.
Since by condition (iii) and (10), we have α(gxn(k), gz) ≥ 1 for all k, then by the use of triangle
inequality and (1) we obtain
d(gz, fz) ≤ d(gz, fxn(k)) + d(fxn(k), fz)
≤ d(gz, fxn(k)) + α(gxn(k), gz)d(fxn(k), fz)
≤ d(gz, fxn(k)) + ψ(M(gxn(k), gz)(11)
On the other hand, we have
M(gxn(k), gz) = max
{
d(gxn(k), gz),
d(gxn(k), fxn(k)) + d(gz, fz)
2
,
d(gxn(k), fz) + d(gz, fxn(k))
2
}
Owing to above equality, we get from (11),
d(gz, fz) ≤ d(gz, fxn(k)) + ψ(M(gxn(k), gz)
≤ d(gz, fxn(k)) +
ψ
(
max
{
d(gxn(k), gz),
d(gxn(k), fxn(k)) + d(gz, fz)
2
,
d(gxn(k), fz) + d(gz, fxn(k))
2
})
6 PRIYA SHAHI, JATINDERDEEP KAUR, S. S. BHATIA
Letting k → ∞ in the above inequality yields d(gz, fz) ≤ ψ
(
d(fz, gz)
2
)
<
d(fz, gz)
2
, which is a
contradiction. Hence, our supposition is wrong and d(fz, gz) = 0, that is, fz = gz. This shows
that f and g have a coincidence point. 
The next theorem shows that under additional hypotheses we can deduce the existence and
uniqueness of a common fixed point.
Theorem 3.2. In addition to the hypotheses of Theorem 3.1, suppose that for all u, v ∈ C(g, f),
there exists w ∈ X such that α(gu, gw) ≥ 1 and α(gv, gw) ≥ 1 and f, g commute at their coinci-
dence points. Then f and g have a unique common fixed point.
Proof. We need to consider three steps:
Step 1. We claim that if u, v ∈ C(g, f), then gu = gv. By hypotheses, there exists w ∈ X such
that
α(gu, gw) ≥ 1, α(gv, gw) ≥ 1(12)
Due to the fact that f(X) ⊆ g(X), let us define the sequence {wn} in X by gwn+1 = fwn for all
n ≥ 0 and w0 = w. Since f is α-admissible w.r.t g, we have from (12) that
α(gu, gwn) ≥ 1, α(gv, gwn) ≥ 1(13)
for all n ≥ 0. Applying inequality (1) and using (13), we obtain
d(gu, gwn+1) = d(fu, fwn)
≤ α(gu, gwn)d(fu, fwn)
≤ ψ(M(gu, gwn))(14)
On the other hand, we have
M(gu, gwn) = max
{
d(gu, gwn),
d(gu, fu) + d(gwn, fwn)
2
,
d(gu, fwn) + d(gwn, fu)
2
}
≤ max {d(gu, gwn), d(gu, gwn+1)}(15)
Using the above inequality, (14) and owing to the monotone property of ψ, we get that
d(gu, gwn+1) ≤ ψ(max {d(gu, gwn), d(gu, gwn+1)})(16)
for all n. Without restriction to the generality, we can suppose that d(gu, gwn) > 0 for all n. If
max{d(gu, gwn), d(gu, gwn+1)} = d(gu, gwn+1), we have from (16) that
d(gu, gwn+1) ≤ ψ(d(gu, gwn+1)) < d(gu, gwn+1)(17)
which is a contradiction. Thus, we have max{d(gu, gwn), d(gu, gwn+1)} = d(gu, gwn), and d(gu, gwn+1) ≤
ψ(d(gu, gwn)) for all n. This implies that
d(gu, gwn) ≤ ψn(d(gu, gw0)), ∀n ≥ 1(18)
Letting n→∞ in the above inequality, we infer that
lim
n→∞
d(gu, gwn) = 0(19)
Similarly, we can prove that
lim
n→∞
d(gv, gwn) = 0(20)
It follows from (19) and (20) that gu = gv.
Step 2. Existence of a common fixed point: Let u ∈ C(g, f), that is, gu = fu. Owing to the
commutativity of f and g at their coincidence points, we get
g2u = gfu = fgu(21)
7Let us denote gu = z, then from (21), gz = fz. Thus, z is a coincidence point of f and g. Now,
from Step 1, we have gu = gz = z = fz. Then, z is a common fixed point of f and g.
Step 3. Uniqueness: Assume that z∗ is another common fixed point of f and g. Then z∗ ∈ C(g, f).
By step 1, we have z∗ = gz∗ = gz = z. This completes the proof. 
In what follows, we furnish an illustrative example wherein one demonstrates Theorem 3.2 on
the existence and uniqueness of a common fixed point.
Example 3.6. Consider X = [0,+∞) equipped with the usual metric d(x, y) = |x − y| for all
x, y ∈ X. Define the mappings f : X → X and g : X → X by
f(x) =

 2x−
3
2
if x > 2,
x
3
if 0 ≤ x ≤ 2.
and
g(x) =
x
2
∀x ∈ X.
Now, we define the mapping α : X ×X → [0,+∞) by
α(x, y) =
{
1 if (x, y) ∈ [0, 1],
0 otherwise.
Clearly, the pair (f, g) is a generalized α-ψ contractive pair of mappings with ψ(t) =
4
5
t for all
t ≥ 0. In fact, for all x, y ∈ X, we have
α(gx, gy).d(fx, fy) = 1.
∣∣∣x
3
− y
3
∣∣∣ ≤ 4
5
∣∣∣x
2
− y
2
∣∣∣
=
4
5
d(gx, gy)
≤ 4
5
M(gx, gy) = ψ(M(gx, gy))
Moreover, there exists x0 ∈ X such that α(gx0, fx0) ≥ 1. Infact, for x0 = 1, we have α
(
1
2
,
1
3
)
=
1.
Now, it remains to show that f is α-admissible w.r.t g. In so doing, let x, y ∈ X such that
α(gx, gy) ≥ 1. This implies that gx, gy ∈ [0, 1] and by the definition of g, we have x, y ∈ [0, 2].
Therefore, by the definition of f and α, we have
f(x) =
x
3
∈ [0, 1], f(y) = y
3
∈ [0, 1] and α(fx, fy) = 1.
Thus, f is α-admissible w.r.t g. Clearly, f(X) ⊆ g(X) and g(X) is closed.
Finally, let {gxn} be a sequence in X such that α(gxn, gxn+1) ≥ 1 for all n and gxn → gz ∈ g(X)
as n → +∞. Since α(gxn, gxn+1) ≥ 1 for all n, by the definition of α, we have gxn ∈ [0, 1] for
all n and gz ∈ [0, 1]. Then, α(gxn, gz) ≥ 1. Now, all the hypotheses of Theorem 3.1 are satisfied.
Consequently, f and g have a coincidence point. Here, 0 is a coincidence point of f and g. Also,
clearly all the hypotheses of Theorem 3.2 are satisfied. In this example, 0 is the unique common
fixed point of f and g.
4. Consequences
In this section, we will show that many existing results in the literature can be obtained easily
from our Theorem 3.2.
4.1. Standard Fixed Point Theorems. By taking α(x, y) = 1 for all x, y ∈ X in Theorem 3.2,
we obtain immediately the following fixed point theorem.
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Corollary 4.1. Let (X, d) be a complete metric space and f, g : X → X be such that f(X) ⊆ g(X).
Suppose that there exists a function ψ ∈ Ψ such that
d(fx, fy) ≤ ψ(M(gx, gy)),(22)
for all x, y ∈ X. Also, suppose g(X) is closed. Then, f and g have a coincidence point. Further,
if f , g commute at their coincidence points, then f and g have a common fixed point.
By taking g = I in Corollary 4.1, we obtain immediately the following fixed point theorem.
Corollary 4.2. (see Karapinar and Samet [10]). Let (X, d) be a complete metric space and
f : X → X. Suppose that there exists a function ψ ∈ Ψ such that
d(fx, fy) ≤ ψ(M(x, y)),(23)
for all x, y ∈ X. Then f has a unique fixed point.
The following fixed point theorems can be easily obtained from Corollaries 4.1 and 4.2.
Corollary 4.3. Let (X, d) be a complete metric space and f, g : X → X be such that f(X) ⊆ g(X).
Suppose that there exists a function ψ ∈ Ψ such that
d(fx, fy) ≤ ψ(d(gx, gy)),(24)
for all x, y ∈ X. Also, suppose g(X) is closed. Then, f and g have a coincidence point. Further,
if f , g commute at their coincidence points, then f and g have a common fixed point.
Corollary 4.4. (Berinde [13]). Let (X, d) be a complete metric space and f : X → X. Suppose
that there exists a function ψ ∈ Ψ such that
d(fx, fy) ≤ ψ(d(x, y)),(25)
for all x, y ∈ X. Then f has a unique fixed point.
Corollary 4.5. (C´iric´ [14]). Let (X, d) be a complete metric space and T : X → X be a given
mapping. Suppose that there exists a constant λ ∈ (0, 1) such that
d(fx, fy) ≤ λmax
{
d(x, y),
d(x, fx) + d(y, fy)
2
,
d(x, fy) + d(y, fx)
2
}
for all x, y ∈ X. Then T has a unique fixed point.
Corollary 4.6. (Hardy and Rogers [15]) Let (X, d) be a complete metric space and T : X → X
be a given mapping. Suppose that there exists constants A,B,C ≥ 0 with (A + 2B + 2C) ∈ (0, 1)
such that
d(fx, fy) ≤ Ad(x, y) +B[d(x, fx) + d(y, fy)] + C[d(x, fy) + d(y, fx)],
for all x, y ∈ X. Then T has a unique fixed point.
Corollary 4.7. (Banach Contraction Principle [1]) Let (X, d) be a complete metric space and
T : X → X be a given mapping. Suppose that there exists a constant λ ∈ (0, 1) such that
d(fx, fy) ≤ λd(x, y)
for all x, y ∈ X. Then T has a unique fixed point.
Corollary 4.8. (Kannan [3]) Let (X, d) be a complete metric space and T : X → X be a given
mapping. Suppose that there exists a constant λ ∈ (0, 1/2) such that
d(fx, fy) ≤ λ[d(x, fx) + d(y, fy)],
for all x, y ∈ X. Then T has a unique fixed point.
9Corollary 4.9. (Chatterjee [16]) Let (X, d) be a complete metric space and T : X → X be a given
mapping. Suppose that there exists a constant λ ∈ (0, 1/2) such that
d(fx, fy) ≤ λ[d(x, fy) + d(y, fx)],
for all x, y ∈ X. Then T has a unique fixed point.
4.2. Fixed Point Theorems on Metric Spaces Endowed with a Partial Order. Recently,
there have been enormous developments in the study of fixed point problems of contractive map-
pings in metric spaces endowed with a partial order. The first result in this direction was given
by Turinici [17], where he extended the Banach contraction principle in partially ordered sets.
Some applications of Turinici’s theorem to matrix equations were presented by Ran and Reurings
[18]. Later, many useful results have been obtained regarding the existence of a fixed point for
contraction type mappings in partially ordered metric spaces by Bhaskar and Lakshmikantham [4],
Nieto and Lopez [7, 19], Agarwal et al. [20], Lakshmikantham and C´iric´ [6] and Samet [21] etc.
In this section, we will derive various fixed point results on a metric space endowed with a partial
order. For this, we require the following concepts:
Definition 4.1. [10] Let (X,) be a partially ordered set and T : X → X be a given mapping.
We say that T is nondecreasing with respect to  if
x, y ∈ X, x  y ⇒ Tx  Ty.
Definition 4.2. [10] Let (X,) be a partially ordered set. A sequence {xn} ⊂ X is said to be
nondecreasing with respect to  if xn  xn+1 for all n.
Definition 4.3. [10] Let (X,) be a partially ordered set and d be a metric on X. We say that
(X,, d) is regular if for every nondecreasing sequence {xn} ⊂ X such that xn → x ∈ X as
n→∞, there exists a subsequence {xn(k)} of {xn} such that xn(k)  x for all k.
Definition 4.4. [11] Suppose (X,) is a partially ordered set and F, g : X → X are mappings of
X into itself. One says F is g-non-decreasing if for x, y ∈ X,
g(x)  g(y) implies F (x)  F (y).(26)
Definition 4.5. Let (X,) be a partially ordered set and d be a metric on X. We say that
(X,, d) is g-regular where g : X → X if for every nondecreasing sequence {gxn} ⊂ X such that
gxn → gz ∈ X as n→∞, there exists a subsequence {gxn(k)} of {gxn} such that gxn(k)  gz for
all k.
We have the following result.
Corollary 4.10. Let (X,) be a partially ordered set and d be a metric on X such that (X, d)
is complete. Assume that f, g : X → X be such that f(X) ⊆ g(X) and f be a g-non-decreasing
mapping w.r.t . Suppose that there exists a function ψ ∈ Ψ such that
d(fx, fy) ≤ ψ(M(gx, gy)),(27)
for all x, y ∈ X with gx  gy. Suppose also that the following conditions hold:
(i) there exists x0 ∈ X s.t gx0  fx0;
(ii) (X,, d) is g-regular.
Also suppose g(X) is closed. Then, f and g have a coincidence point. Moreover, if for every pair
(x, y) ∈ C(g, f) × C(g, f) there exists z ∈ X such that gx  gz and gy  gz, and if f and g
commute at their coincidence points, then we obtain uniqueness of the common fixed point.
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Proof. Define the mapping α : X ×X → [0,∞) by
α(x, y) =
{
1 if x  y or x  y
0 otherwise
(28)
Clearly, the pair (f, g) is a generalized α-ψ contractive pair of mappings, that is,
α(gx, gy)d(fx, fy) ≤ ψ(M(gx, gy)),
for all x, y ∈ X . Notice that in view of condition (i), we have α(gx0, fx0) ≥ 1. Moreover, for all
x, y ∈ X , from the g-monotone property of f , we have
α(gx, gy) ≥ 1⇒ gx  gy or gx  gy ⇒ fx  fy or fx  fy ⇒ α(fx, fy) ≥ 1.(29)
which amounts to say that f is α-admissible w.r.t g. Now, let {gxn} be a sequence in X such that
α(gxn, gxn+1) ≥ 1 for all n and gxn → gz ∈ X as n→∞. From the g-regularity hypothesis, there
exists a subsequence {gxn(k)} of {gxn} such that gxn(k)  gz for all k. So, by the definition of α,
we obtain that α(gxn(k), gz) ≥ 1. Now, all the hypotheses of Theorem 3.1 are satisfied. Hence, we
deduce that f and g have a coincidence point z, that is, fz = gz.
Now, we need to show the existence and uniqueness of common fixed point. For this, let x, y ∈ X .
By hypotheses, there exists z ∈ X such that gx  gz and gy  gz, which implies from the definition
of α that α(gx, gz) ≥ 1 and α(gy, gz) ≥ 1. Thus, we deduce the existence and uniqueness of the
common fixed point by Theorem 3.2. 
The following results are immediate consequences of Corollary 4.10.
Corollary 4.11. Let (X,) be a partially ordered set and d be a metric on X such that (X, d) is
complete. Assume that f, g : X → X and f be a g-non-decreasing mapping w.r.t . Suppose that
there exists a function ψ ∈ Ψ such that
d(fx, fy) ≤ ψ(d(gx, gy)),(30)
for all x, y ∈ X with gx  gy. Suppose also that the following conditions hold:
(i) there exists x0 ∈ X s.t gx0  fx0;
(ii) (X,, d) is g-regular.
Also suppose g(X) is closed. Then, f and g have a coincidence point. Moreover, if for every pair
(x, y) ∈ C(g, f) × C(g, f) there exists z ∈ X such that gx  gz and gy  gz, and if f and g
commute at their coincidence points, then we obtain uniqueness of the common fixed point.
Corollary 4.12. Let (X,) be a partially ordered set and d be a metric on X such that (X, d) is
complete. Assume that f, g : X → X and f be a g-non-decreasing mapping w.r.t . Suppose that
there exists a constant λ ∈ (0, 1) such that
d(fx, fy) ≤ λmax
{
d(gx, gy),
d(gx, fx) + d(gy, fy)
2
,
d(gx, fy) + d(gy, fx)
2
}
,(31)
for all x, y ∈ X with gx  gy. Suppose also that the following conditions hold:
(i) there exists x0 ∈ X s.t gx0  fx0;
(ii) (X,, d) is g-regular.
Also suppose g(X) is closed. Then, f and g have a coincidence point. Moreover, if for every pair
(x, y) ∈ C(g, f) × C(g, f) there exists z ∈ X such that gx  gz and gy  gz, and if f and g
commute at their coincidence points, then we obtain uniqueness of the common fixed point.
Corollary 4.13. Let (X,) be a partially ordered set and d be a metric on X such that (X, d) is
complete. Assume that f, g : X → X and f be a g-non-decreasing mapping w.r.t . Suppose that
there exists constants A,B,C ≥ 0 with (A+ 2B + 2C) ∈ (0, 1) such that
d(fx, fy) ≤ Ad(gx, gy) +B[d(gx, fx) + d(gy, fy)] + C[d(gx, fy) + d(gy, fx)],(32)
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for all x, y ∈ X with gx  gy. Suppose also that the following conditions hold:
(i) there exists x0 ∈ X s.t gx0  fx0;
(ii) (X,, d) is g-regular.
Also suppose g(X) is closed. Then, f and g have a coincidence point. Moreover, if for every pair
(x, y) ∈ C(g, f) × C(g, f) there exists z ∈ X such that gx  gz and gy  gz, and if f and g
commute at their coincidence points, then we obtain uniqueness of the common fixed point.
Corollary 4.14. Let (X,) be a partially ordered set and d be a metric on X such that (X, d) is
complete. Assume that f, g : X → X and f be a g-non-decreasing mapping w.r.t . Suppose that
there exists a constant λ ∈ (0, 1) such that
d(fx, fy) ≤ λ(d(gx, gy)),(33)
for all x, y ∈ X with gx  gy. Suppose also that the following conditions hold:
(i) there exists x0 ∈ X s.t gx0  fx0;
(ii) (X,, d) is g-regular.
Also suppose g(X) is closed. Then, f and g have a coincidence point. Moreover, if for every pair
(x, y) ∈ C(g, f) × C(g, f) there exists z ∈ X such that gx  gz and gy  gz, and if f and g
commute at their coincidence points, then we obtain uniqueness of the common fixed point.
Corollary 4.15. Let (X,) be a partially ordered set and d be a metric on X such that (X, d) is
complete. Assume that f, g : X → X and f be a g-non-decreasing mapping w.r.t . Suppose that
there exists constants A,B,C ≥ 0 with (A+ 2B + 2C) ∈ (0, 1) such that
d(fx, fy) ≤ λ[d(gx, fx) + d(gy, fy)],(34)
for all x, y ∈ X with gx  gy. Suppose also that the following conditions hold:
(i) there exists x0 ∈ X s.t gx0  fx0;
(ii) (X,, d) is g-regular.
Also suppose g(X) is closed. Then, f and g have a coincidence point. Moreover, if for every pair
(x, y) ∈ C(g, f) × C(g, f) there exists z ∈ X such that gx  gz and gy  gz, and if f and g
commute at their coincidence points, then we obtain uniqueness of the common fixed point.
Corollary 4.16. Let (X,) be a partially ordered set and d be a metric on X such that (X, d) is
complete. Assume that f, g : X → X and f be a g-non-decreasing mapping w.r.t . Suppose that
there exists constants A,B,C ≥ 0 with (A+ 2B + 2C) ∈ (0, 1) such that
d(fx, fy) ≤ λ[d(gx, fy) + d(gy, fx)],(35)
for all x, y ∈ X with gx  gy. Suppose also that the following conditions hold:
(i) there exists x0 ∈ X s.t gx0  fx0;
(ii) (X,, d) is g-regular.
Also suppose g(X) is closed. Then, f and g have a coincidence point. Moreover, if for every pair
(x, y) ∈ C(g, f) × C(g, f) there exists z ∈ X such that gx  gz and gy  gz, and if f and g
commute at their coincidence points, then we obtain uniqueness of the common fixed point.
Remarks
• Letting g = IX in Corollary 4.11 we obtain Corollary 3.12 in [10].
• Letting g = IX in Corollary 4.12 we obtain Corollary 3.13 in [10].
• Letting g = IX in Corollary 4.13 we obtain Corollary 3.14 in [10].
• Letting g = IX in Corollary 4.14 we obtain Corollary 3.15 in [10].
• Letting g = IX in Corollary 4.15 we obtain Corollary 3.16 in [10].
• Letting g = IX in Corollary 4.16 we obtain Corollary 3.17 in [10].
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4.3. Fixed Point Theorems for Cyclic Contractive Mappings. As a generalization of the
Banach contraction mapping principle, Kirk et al. [22] in 2003 introduced cyclic representations
and cyclic contractions. A mapping T : A∪B → A∪B is called cyclic if T (A) ⊆ B and T (B) ⊆ A,
where A,B are nonempty subsets of a metric space (X, d). Moreover, T is called a cyclic contraction
if there exists k ∈ (0, 1) such that d(Tx, T y) ≤ kd(x, y) for all x ∈ A and y ∈ B. Notice that
although a contraction is continuous, cyclic contractions need not be. This is one of the important
gains of this theorem. In the last decade, several authors have used the cyclic representations and
cyclic contractions to obtain various fixed point results. see for example ([23, 24, 25, 26, 27, 28]).
Corollary 4.17. Let (X, d) be a complete metric space, A1 and A2 are two nonempty closed
subsets of X and f, g : Y → Y be two mappings, where Y = A1 ∪ A2. Suppose that the following
conditions hold:
(i) g(A1) and g(A2) are closed;
(ii) f(A1) ⊆ g(A2) and f(A2) ⊆ g(A1);
(iii) g is one-to-one;
(iv) there exists a function ψ ∈ Ψ such that
d(fx, fy) ≤ ψ(M(gx, gy)), ∀(x, y) ∈ A1 ×A2.(36)
Then, f and g have a coincidence point z ∈ A1∩A2. Further, if f , g commute at their coincidence
points, then f and g have a unique common fixed point that belongs to A1 ∩ A2.
Proof. Due to the fact that g is one-to-one, condition (iv) is equivalent to
d(fx, fy) ≤ ψ(M(gx, gy)), ∀(gx, gy) ∈ g(A1)× g(A2).(37)
Now, since A1 and A2 are closed subsets of the complete metric space (X, d), then (Y, d) is complete.
Define the mapping α : Y × Y → [0,∞) by
α(x, y) =
{
1 if (x, y) ∈ (g(A1)× g(A2)) ∪ (g(A2)× g(A1))
0 otherwise
(38)
Notice that in view of definition of α and condition (iv), we can write
α(gx, gy)d(fx, fy) ≤ ψ(M(gx, gy))(39)
for all gx ∈ g(A1) and gy ∈ g(A2). Thus, the pair (f, g) is a generalized α-ψ contractive pair of
mappings.
By using condition (ii), we can show that f(Y ) ⊆ g(Y ). Moreover, g(Y ) is closed.
Next, we proceed to show that f is α-admissible w.r.t g. Let (gx, gy) ∈ Y ×Y such that α(gx, gy) ≥
1; that is,
(gx, gy) ∈ (g(A1)× g(A2)) ∪ (g(A2)× g(A1))(40)
Since g is one-to-one, this implies that
(x, y) ∈ (A1 ×A2) ∪ (A2 ×A1)(41)
So, from condition (ii), we infer that
(fx, fy) ∈ (g(A2)× g(A1)) ∪ (g(A1)× g(A2))(42)
that is, α(fx, fy) ≥ 1. This implies that f is α-admissible w.r.t g.
Now, let {gxn} be a sequence in X such that α(gxn, gxn+1) ≥ 1 for all n and gxn → gz ∈ g(X) as
n→∞. From the definition of α, we infer that
(gxn, gxn+1) ∈ (gA1 × gA2) ∪ (gA2 × gA1)(43)
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Since (gA1 × gA2) ∪ (gA2 × gA1) is a closed set with respect to the Euclidean metric, we get that
(gz, gz) ∈ (gA1 × gA2) ∪ (gA2 × gA1),(44)
thereby implying that gz ∈ g(A1) ∩ g(A2). Therefore, we obtain immediately from the definition
of α that α(gxn, gz) ≥ 1 for all n.
Now, let a be an arbitrary point in A1. We need to show that α(ga, fa) ≥ 1. Indeed, from
condition (ii), we have fa ∈ g(A2). Since ga ∈ g(A1), we get (ga, fa) ∈ g(A1) × g(A2), which
implies that α(ga, fa) ≥ 1.
Now, all the hypotheses of Theorem 3.1 are satisfied. Hence, we deduce that f and g have a
coincidence point z ∈ A1 ∪ A2, that is, fz = gz. If z ∈ A1, from (ii), fz ∈ g(A2). On the other
hand, fz = gz ∈ g(A1). Then, we have gz ∈ g(A1) ∩ g(A2), which implies from the one-to-one
property of g that z ∈ A1 ∩ A2. Similarly, if z ∈ A2, we obtain that z ∈ A1 ∩ A2.
Notice that if x is a coincidence point of f and g, then x ∈ A1∩A2. Finally, let x, y ∈ C(g, f), that
is, x, y ∈ A1 ∩A2, gx = fx and gy = fy. Now, from above observation, we have w = x ∈ A1 ∩A2,
which implies that gw ∈ g(A1 ∩ A2) = g(A1) ∩ g(A2) due to the fact that g is one-to-one. Then,
we get that α(gx, gw) ≥ 1 and α(gy, gw) ≥ 1. Then our claim holds.
Now, all the hypotheses of Theorem 3.2 are satisfied. So, we deduce that z = A1∩A2 is the unique
common fixed point of f and g. This completes the proof. 
The following results are immediate consequences of Corollary 4.17.
Corollary 4.18. Let (X, d) be a complete metric space, A1 and A2 are two nonempty closed
subsets of X and f, g : Y → Y be two mappings, where Y = A1 ∪ A2. Suppose that the following
conditions hold:
(i) g(A1) and g(A2) are closed;
(ii) f(A1) ⊆ g(A2) and f(A2) ⊆ g(A1);
(iii) g is one-to-one;
(iv) there exists a function ψ ∈ Ψ such that
d(fx, fy) ≤ ψ(d(gx, gy)), ∀(x, y) ∈ A1 ×A2.
Then, f and g have a coincidence point z ∈ A1∩A2. Further, if f , g commute at their coincidence
points, then f and g have a unique common fixed point that belongs to A1 ∩A2.
Corollary 4.19. Let (X, d) be a complete metric space, A1 and A2 are two nonempty closed
subsets of X and f, g : Y → Y be two mappings, where Y = A1 ∪ A2. Suppose that the following
conditions hold:
(i) g(A1) and g(A2) are closed;
(ii) f(A1) ⊆ g(A2) and f(A2) ⊆ g(A1);
(iii) g is one-to-one;
(iv) there exists a constant λ ∈ (0, 1) such that
d(fx, fy) ≤ λmax
{
d(gx, gy),
d(gx, fx) + d(gy, fy)
2
,
d(gx, fy) + d(gy, fx)
2
}
∀(x, y) ∈ A1 ×A2.
Then, f and g have a coincidence point z ∈ A1∩A2. Further, if f , g commute at their coincidence
points, then f and g have a unique common fixed point that belongs to A1 ∩A2.
Corollary 4.20. Let (X, d) be a complete metric space, A1 and A2 are two nonempty closed
subsets of X and f, g : Y → Y be two mappings, where Y = A1 ∪ A2. Suppose that the following
conditions hold:
(i) g(A1) and g(A2) are closed;
(ii) f(A1) ⊆ g(A2) and f(A2) ⊆ g(A1);
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(iii) g is one-to-one;
(iv) there exists a constant λ ∈ (0, 1) such that
d(fx, fy) ≤ Ad(gx, gy) +B[d(gx, fx) + d(gy, fy)] + C[d(gx, fy) + d(gy, fx)], ∀(x, y) ∈ A1 ×A2.
Then, f and g have a coincidence point z ∈ A1∩A2. Further, if f , g commute at their coincidence
points, then f and g have a unique common fixed point that belongs to A1 ∩ A2.
Corollary 4.21. Let (X, d) be a complete metric space, A1 and A2 are two nonempty closed
subsets of X and f, g : Y → Y two mappings, where Y = A1 ∪ A2. Suppose that the following
conditions hold:
(i) g(A1) and g(A2) are closed;
(ii) f(A1) ⊆ g(A2) and f(A2) ⊆ g(A1);
(iii) g is one-to-one;
(iv) there exists a constant λ ∈ (0, 1) such that
d(fx, fy) ≤ λ(d(gx, gy)), ∀(x, y) ∈ A1 ×A2.
Then, f and g have a coincidence point z ∈ A1∩A2. Further, if f , g commute at their coincidence
points, then f and g have a unique common fixed point that belongs to A1 ∩ A2.
Corollary 4.22. Let (X, d) be a complete metric space, A1 and A2 are two nonempty closed
subsets of X and f, g : Y → Y be two mappings, where Y = A1 ∪ A2. Suppose that the following
conditions hold:
(i) g(A1) and g(A2) are closed;
(ii) f(A1) ⊆ g(A2) and f(A2) ⊆ g(A1);
(iii) g is one-to-one;
(iv) there exists a constant λ ∈ (0, 1) such that
d(fx, fy) ≤ λ[d(gx, fx) + d(gy, fy)], ∀(x, y) ∈ A1 ×A2.
Then, f and g have a coincidence point z ∈ A1∩A2. Further, if f , g commute at their coincidence
points, then f and g have a unique common fixed point that belongs to A1 ∩ A2.
Corollary 4.23. Let (X, d) be a complete metric space, A1 and A2 are two nonempty closed
subsets of X and f, g : Y → Y be two mappings, where Y = A1 ∪ A2. Suppose that the following
conditions hold:
(i) g(A1) and g(A2) are closed;
(ii) f(A1) ⊆ g(A2) and f(A2) ⊆ g(A1);
(iii) g is one-to-one;
(iv) there exists a constant λ ∈ (0, 1) such that
d(fx, fy) ≤ λ[d(gx, fy) + d(gy, fx)], ∀(x, y) ∈ A1 ×A2.
Then, f and g have a coincidence point z ∈ A1∩A2. Further, if f , g commute at their coincidence
points, then f and g have a unique common fixed point that belongs to A1 ∩ A2.
Remarks
• Letting g = IX in Corollary 4.18 we obtain Corollary 3.19 in [10].
• Letting g = IX in Corollary 4.19 we obtain Corollary 3.20 in [10].
• Letting g = IX in Corollary 4.20 we obtain Corollary 3.21 in [10].
• Letting g = IX in Corollary 4.21 we obtain Corollary 3.22 in [10].
• Letting g = IX in Corollary 4.22 we obtain Corollary 3.23 in [10].
• Letting g = IX in Corollary 4.23 we obtain Corollary 3.24 in [10].
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